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Abstract 

We are concerned with the following nonlinear Schrodinger equation 

—s‘^Au + V{x)u = \uf~‘^u, 

where N > 2 < p < For e small enough and a class of V(x), we show the uniqueness of 

positive multi-bump solutions concentrating at k different critical points of V(x) under certain 
assumptions on asymptotic behavior of V{x) and its first derivatives near those points. The 
degeneracy of critical points is allowed in this paper. 
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1. Introduction 

In this paper, we consider the uniqueness of concentrating solutions to the following nonlinear 
Schrodinger equations 

j—e'^Au+ V{x)u = \u\P~'^u, X € M^, 

where e > 0 is a small parameter, iV > 3, 2 < p < 

Problem (|l.ll) appears in the study of standing waves for the following nonlinear Schrodinger 
equations 

= —e^AxP -I- (V(x) + E)ip — \LpW~^ip, (x, t) G x M"'', (1.2) 

at 

with the form ip(x,t) = where i is the imaginary unit and e is the Planck constant. 

Equation (II.2p is one of the most important problem in nonlinear optics and quantum physics. 
Especially, it describes the transition from quantum to classical mechanics as e —>■ 0, so the 
study of solutions to (II.2p for small e has a crucial interest in physical. 
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In recent decades, there are a number of results on the existence of the solutions for problem 
(HH). In [20|], for the case N = l,p = 3, Floer and Weinstein obtained a solution concentrating at 
the global non-degenerate minimum point when e is small enough. Later, Oh [^, 31] generalized 
Floer-Weinstein’s results to higher dimension with 2 < p < 2N/{N — 2) and they obtained 
the existence of positive multi-bump solutions concentrating at a ny g iven set of nondegenerate 
critical points of V{x) as e —>■ 0. In fact, the results in [io, [13, l3l| seem to rely in essential 
way on the nondegeneracy of the critical points. Also, the existence of a single-bump solution 
concentrating at the critical point of V(x) which may be degenerate as e —)• 0 was obtained by 
Ambrosetti, Badiale, Cingolani [l|. These results were obtained by Lyapunov-Schmidt reduction. 

On the other hand, by using variational methods, Rabinowitz [33] proved the existence of a 
positive ground solution to (|l.ip for small e if V(x) € satisfies 

liminf U(x) > inf I/(x) > 0. 

|a;|—>00 R-V 


Later, Wang [35( gave the accurate characterization of the concentration behavior for the pos¬ 
itive ground state and bound state solutions. The solutions in 
solutions. For the multi-bump solutions, del Pino and Felmer 


33 


35 


15 


are mainly single-bump 


17l | got the existence of 


such solutions concentrating at the critical points of V{x) under some local conditions for the 
potential U(a;). Here they assumed that V{x) is locally Holder continuous on and satisfies 

inf V (x) > inf U(x) > 0, i = 1, ■ ■ ■ , k, 

xedfli xGUi 


And the results in 17| are true when the 


where fli,--- , fife are k disjoint bounded regions, 
critical points of V(x) are degenerate. 

There are also a lot of results concerning on the existence of multi-bump solutions for prob¬ 
lems similar to m- For Dirichlet problems with a subcritical nonlinearity on bounded domains. 


the solutions concentrating at one or a couple of points were obtained in [3, |23, l29t|; For the 
case of a critical nonlinearity, the results on the existence of multi-bump solutions can be found 
in [3, 341. For other results concerning the existence of the solutions with the concentration 
phenomena, one can refer to [1,13, S, Ell, El, E3; E3, El, El, Eli and the references therein. 


As far as we know, the results on the uniqueness of solutions which have the concentration 
phenomena are few. In this aspect, the first result is the uniqueness of solutions concentrating 
at one point for Dirichlet problems with critical nonlinearity on bounded domains given by 
Glangetas in 22]. Later, Cao and Heinz gained the uniqueness of solutions to which 
concentrate at the nondegenerate critical points of V{x). The results in jl, El] are obtained 


by using the topological degree. Recently, Deng, Lin and Yan [1^ got the local uniqueness 


and periodicity for the solutions with infinitely many bumps of the prescribed scalar curvature 
problem which involves the critical Sobolev exponent by the technique of Pohozaev identity. For 
more work concerning the uniqueness of solutions with the concentration phenomena, one can 
also refer to UM- 

However, whether the multi-bump solutions of problem (II.ip concentrating at the degenerate 
critical points of V{x) are unique is still unknown. In this paper, inspired by 0 we solve this 
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problem partially by using the Pohozaev identity. To be specific, if two families of multi-bump 
solutions to dni concentrate at the same set of critical points of V(x), then they can be written 
in the same form by the results of [^; next, we can get the useful estimate and use the local 
Pohozaev identity to show that the two solutions are in fact the same. Thus our uniqueness are 
essentially in the local sense. 


Let Ua{x) be the unique positive solution (see [27|) of the following problem 


—Au + V{a)u = \u\P ^n, in 
u(0) = max u{x), u{x) € H 


pN 


imAf 


), 


(1.3) 


(1.5) 


where a is a given point in and V{a) > 0. Also it is well-known that Ua{x) is a radially 
symmetric decreasing function satisfying for |q;| < 1 

|T>“[/a(x)|exp {a)\x\)\x\^ < C, (1.4) 

where C > 0 is some constant in 21[. 

In our paper, we consider a class of V(x) as follows: 

(Ui): Vix) is a bounded function satisfying inf V(x) > 0. 

xgRJV 

(V 2 ): V{x) satisfies the following expansions: 

jv{x) = V{aj) + bj\x — aj\^ + 0{\x — aj|™+^), x G Bs{aj), 

|VU(x) = mbj\x — ajp“^(x — aj) + 0(|x — Ojl™), x G Bs{aj), 

where 6 > 0 is a small constant, V{aj) > 0, m > 1, 7 ^ 0 and j = 1, - ■ ■ ,k. 

Next, we define 

H, = \ u{x) G [ (£2|Vu(x)P + U(x)u2(x))d 

I Jrn 

and for any u{x) G 

llulle = (tt(x), u(x)) 2 = ( / (e^|Vu(x)p-b U(x)u^(x))dx) 2 . 

Then we have the following results: 

Theorem 1.1. Let {n£^^(x)}e>o, {ui^^(x)}e>o be two families of positive solutions of (|l.ip con¬ 
centrating at a set of k different points {ai, • • • , 0 ^} C . Suppose that V{x) satisfies (Vi) and 
(¥ 2 ). Then for e small enough, ui^^(x) = u^e\x) and uffx) = ^^^^(x) = u^e\x) is of the form 

Ue{x) = - —) + We{x), 

i=l ^ 

with Xj^s, wffx) satisfying, for j = 1, • ■ ■ ,k, as e —>■ 0, 


lx < 00 


( 1 . 6 ) 
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Remark 1.2. Cao and Heinz Q/ proved the uniqueness of solutions concentrating at the nonde¬ 
generate critical points of V(x) by the topological degree. To using the topological degree in Q/, 
it is assumed that the critical points set {oi, • • • ,0^} ofV{x) are nondegenerate and V{x) is 
at {ai,--- ,afc}. However, Theorem \1.1\ shows the uniqueness of solutions concentrating at the 
critical points ofV{x) which may be degenerate under the conditions (Vi) and (V2). We point 
out that even under the same assumptions as in Q/, the proofs in the present paper are much 
simpler than those in Q/. 

For the case m = 2 in (ILSD, suppose that {ai, • • • ,0^} are the nondegenerate critical points 
ofV{x), then Theorem. \1J\ is the same as the results in ^]. However, the framework of using 
the topological degree in R. f^/ does not work anymore for the case m ^ 2 in (US]). Here, we 
use the Pohozaev identity to prove our main results. 

Specifically, if m > 2 in (ILSI), then {ai,--- ,0^} are the degenerate critical points ofV{x) 
and our results show the uniqueness of solutions concentrating at the degenerate critical points. 

If 1 < m < 2 in (jl.Bp . V{x) is not at the critical points set {oi, • • • , ak}. And we can 
also obtain the uniqueness of solutions concentrating at {ai, • • • ,0^}. There, it should point out 
that we need new and careful estimates to hand this case. 

These mean that our results extend the results in f]i] to more general cases which include the 
degenerate case. 

Remark 1.3. Since problem (HH) is the case of a subcritical nonlinearity and the positive 
solution of (m can not be given explicitly, different arguments from should be applied to 
obtain the estimates we need in our proof of Theorem II. 11 Another point should be pointed out 
is that the interaction between the bumps must be taken into careful consideration. 


Remark 1.4. The role of Pohozaev identity in the existence and nonexistence of solutions to 
problems with critical Sobolev exponents has been showed in many papers, see EQQS and 
the references therein. But the role of Pohozaev identity in the uniqueness is not well exploited 
until recently (see \la. \2di]). we expect more applications of it in the further. 


Our paper is organized as follows. In Section 2, we obtain some estimates which are essential 
to prove Theorem ll.il Next, by using the Pohozaev identity we give the detailed proof of The¬ 
orem o in Section 3. Finally, we give estimates of some important quantities used repeatedly 
in this paper and their proofs in the Appendix. 

Throughout this paper, we will use the same C to denote various generic positive constants, 
and we will use 0{t), o{f) to mean |0(t)| < C\t\, o{t)/t —)■ 0 as t —)• 0. Finally, o(l) denotes 
quantities that tend to 0 as e ^ 0. 


2. Preliminaries 

First, we define for any a,y € 


S'£,a,y — N u(^X^ G H 


: {u{x),Ua{^^-^))^ 


0, (u(x), 


dUa{^), 
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Then, the following basic structure of the solutions concentrating at k different points has been 
obtained by the Lyapunov-Schmidt reduction in [^. 

Proposition 2.1. If {us{x)}oo is a family of positive solutions of (II.1|] concentrating at a set 
of k different points {ai, • • • ,ak}, then aj{j = 1, • • • ,k) must be a critical point of V{x) and 
Ue{x) is of the form 


,x — X 


Ue{x) = ^(1 +aj^e)Uaji- - +Ve{x), 

i=l ^ 

. satisfying, for j = 1, - ■ ■ ,k, as e —>■ 0, 


with Xj^e, Ve{x) € 0^=1 

N 

\xj,e- aj\= o{l), aj^e = o{l), lluelle = o(e^). 
Proof. See [j^ Theorem 1.1]. 


( 2 . 1 ) 


( 2 . 2 ) 

□ 


Remark 2.2. Provosition \2.1\ shows that if a family of solutions has concentration phenomenon 
with multi-bump, then the solutions can be written in the form m- Also, letting 


Weix) = 

i=i 


X — X 




+ Ve{x) 


and using (12.211 . we can write the solution Ue{x) in Provosition 12. il in the following form: 

k 


Ue{x) = - ^-^) + We{x), 

i=l ^ 


with Xj^e, Weix) Satisfying, for j = 1, • • • ,k, as e —>■ 0, 

N 

- Ojj = o(l), lltCelle = o(e 2 ). 

In this paper, for simplicity, we will use dZU) and ([ 23 ]) alternately. 


(2.3) 


(2.4) 


Next, by the regularity theory of elliptic equations, ^^(x) is in fact a classical solution. Then, 
we establish the Pohozaev identity which is crucial in our paper. 

Proposition 2.3. Let u{x) be the solution of dnD, then for any bounded open domain LI, we 
have the following Pohozaev identity 


/ =-2£U |VuM|V,(x)da 

Jn dxi Jqq du dxi Jq^ 

+ I V(x)u^(x)iyi(x)da — - f \u{x)fui{x)da, 

Jon P Jdn 

where v{x) = (i^i(x),--- ,vn{x)') is the outward unit normal of dLl and i € {I,-- - ,1V}. 


(2.5) 
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Proof. Multiplying on both sides of (jl.ip and integrating on Q, we have 


— / Au{x) 


du{x] 

dxi 


dx+ [ V{x)u{x)^^dx = [ ^^|u(x)|P-\(x)dx. (2.6) 

Jn Jn oxi 


Next, 


LHS of dlSD = - / 

Jd 


da + e‘ 




' [ Vu(x) • V^^dx 

Jn dxi 

I- [ {x)V{x)ui{x)da - I- [ u^(x)^^^dx, 

2 Jan 2 dxi 


2 f du{x) du{x) 
an dxi du 


also, 


Vu(x) • V^^^^dx = - f \Vu{x)^Vi{x)da. 
oxj 2 


' an 


On the other hand, by Green’s formula, we have 

RHS of (12.6p = - [ \u{x)J‘ui{x)da. 
P Jan 

Then (l23|) follows from ([M]), (HZP, (HSl) and (1^ . 


(2.7) 


( 2 . 8 ) 


(2.9) 


□ 


In the rest of this section, we will show that the estimates of \xj^^ — aj\, and UrCgHg in 
Proposition 12.11 can be improved step by step. 

Lemma 2.4. LetUsix) he the solution of (11.11) with the form (12.ip . Suppose that (Vi) and (V 2 ) 
are satisfied, then we have 


0{e) + 0(^a/); ^), j = !,■■■ ,k. 


( 2 . 10 ) 


1=1 


Proof. First, taking u{x) = Us{x) = - —) + We{x) and fl = Bdixj^^) for some small 


1=1 


constant d > 0 in the Pohozaev identity (12.51) . we have, for i = 1, • • • ,N, 


9U(x)rv^^^ ,X-Xie, , .l2 , r 

[ Y2 (-) + dx = Ji + /2 + I3, 




( 2 . 11 ) 


where 


Ii = -2e‘ 


L 


+ w,{x)) 8(J:1 ,U,,{^)+w,{x)) 


h = 


L 


dBdixj^e) 
k 


dv 


dBd{xj^e) ;=1 


X - Xi^e 


dXi 
X - Xi e, 


dcT, 


)-bu;£(x))| +V{x){'^Ua,{ - ^^) + Ws{x)) ]ui{x)da, 


1=1 
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and 


l3 = - 


+ We{x))\^Ui{x)da. 


P JdBd(xj^e) £ 

Now, using (jA.lD and (|A.3D in the Appendix, we have, for any 7 > 0, 

k 


L 




Bd{xj,e) “ 7 


) + 'We{x)\ dx 


=1 


r dv{x) 


+w'^,{x)]dx + 0{e'^) 


+ 2 


k . 


L 


l^l JBdixj^e) 


dV{x) .X-Xi^ex / X, 
-^^UaX^^)We{x)d2 




Bd{x^,e) ^ 

JBdixj^e) ^ 

So, by choosing 7 > 0 appropriately, from (| 2 . 12 p and (|A. 6 p . we have 

k 


L 


Next, from (IA. 2 I 1 and Lemma I A. 51 we know, for any 7 > 0 

h = 0{\\w,\\l + e^), l 2 = 0{\\w,f,+e^) and 4 = 0 ( [ 

Jd 

Also, from ()2.4I1 . (lA.lip and Lemma I A.51 we obtain 




dxi 


+ r(;£(x)] dx 


1=1 


N+2m-2 , 


+ £ |Xj_£ —Oji 


|2m—2 


)• 




dBd(xj^s) 


f |rCe(x)|^d(T < C f |rce(x)|^dx < C\\ 

JdBJxiA 


W, 


eWe- 


( 2 . 12 ) 


(2.13) 


:(x)|Pda + eT'). (2.14) 


(2.15) 


(2.16) 


ldB^{xj^s) 

Then combining (I2.14p and ()2.15p . we see that for any 7 > 0, 

/i + /2 + /3 = 0(||u;,||2 + e^). 

From (12.41) . ()2.11l) . ()2.13l) . ()2.16l) and (IB.3p . taking 7 appropriately, for i = 1, • • • ,N, we have 

dy{x) jt 2 - Xj, ^ 

- IUvL — yc T \^l e — ^l\ 

/=1 .••• .k ' 

1=1 


L 


I (-^)dx = 0(e^(e2™ ^ ^ max Jx^^^ - ^+ J2^le))- (2-17) 

Bd{xj,e) ^ l-l,---,k 
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On the other hand, 




= time 


N 


[ |ey + ■ 

JBaiO) 


\m-2 


{eyi + Xj^e,i - aj,i)ul {y)dy 


(2.18) 


+ 0[e^ [ \ey + Xj^e - ajru^ {y)dy), 
Jbao) 


>Ba{ 0 ) 

£ 

where yi, Xj^e,i^ CLj,i are the i-th components of y, Xj^e^ o,j for i = 1, • • • ,N. And 


'Ba{0) 


|ey + Xj^e - ajrU^Ay)<iy = + {Xj^^ - ajD- 


(2.19) 


Then for i = 1, • • ■ ,N, (I2.17p . (I2.18P and (|2.19l) imply 

I / ky + Xj,e - • Avi + Xj^e,i - aj,i)Ul iy)dy\ 

Jbao) 


N 


( 2 . 20 ) 


< 


C(e^”^ ^ + e™ + — ajP-|- max —ajp'" ^ -|- of A) ■ 


Also, we have the following inequality: 

I \a + br - kr - m\ar-^a • 6 | < C(|ar-™* kP* + 6 ™), 


( 2 . 21 ) 


where a = (oi, • • • , ojv) £ , b = {bi, ■ ■ ■ , bjsi) G , a-b = 'A2j=i “ik'i > Ij ixi* = min{m, 2} 

and the constant C is independent of a, b. 

Letting a = ey + xj^^ — aj and b = —ey in (|2.2ip . we can get 

N 

^ ^ 'rn\£y + Xj^^ Q,j\ {xj^^^i T ®i,*) 

(2 22) 

> |x,-, - ajr + im- l)|ey + x,-, - a.P - + kyr>i,e - a,|"*) 

> |x,-, - ajr - Ci\syr + \syr*Ke - a,|"‘). 

Then multiplying Uf .(y) on both sides of (I2.22h and integrating on i?d(0), we obtain 


\Xj,e 0-j 


^ f 

V| / ley + Xj-£ - Oj r pey* + Xj-- Uj-i)uf (y)dy| 

Jb aio) 


> 


^ ^ [(xj,£,j ^j,i) I ky T Xj^g Ujl {syiajAUaAy)^y^ 

7^1 

e 

/ Ulmv--! (\evr + \Eyr'\xj,,-a,r-^')Ul{y)dv. 

Jb,( 0 ) biJb.( 0 ) 


•'JX I 


(2.23) 
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So (I2.20p and (I2.23P imply 


N 


\Xj^e — flj P < C \\xj^e — o,j I (P™ ‘^ + ^ -I- ^ 


ai 


2 m —1 


+ lx,-, - a,-r+^ +£^ + \xi e - 


1=1 

V J ^ J I I J 5^ 3 

Also, by Holder’s inequality, for any r/ > 0, we know 

N 

|xj^^ — ^ A — ^j \ ^ ^ £ A 

/=! 


.\fn-m m 

ih j yJjj^ C 

N 2 ^ 


Z =1 


< r/lx,-, - a,- r + C, (P™ + + e™). 

Then combining (I2.4p . (I2.24p and (|2.25l) . we have 

<c(e” + x;a, 7 '). 


Af 


Fix Oj I ^ 


«=1 


(2.24) 


(2.25) 


This means that (|2.10p is true. □ 

Here we need (j2.2ip to handle the term \£y + xj^e — {eyi + Xj^e,i — o.j,i) i n (12.201) because 

the index m may be less than 2, which is quite different from the technique in [1^ . 

Next, Lemma 12.41 and Proposition ! B.2l imply 

\\w,\\l = 0{e^+^n + 0{e^Y.4e)^ ll^ell' = 0{e^+^n + 0{e^Y.4e)- (2-26) 

i=i i=i 

Proposition 2.5. Let u^{x) he the solution of CH) with the form m, suppose that (Vi) and 
(V 2 ) are satisfied, then we have 


a 




= 0 (e" 


= L 


,k. 


(2.27) 


Proof. Prom Proposition 12.11 let 


k 

Ue{x) = ^(1 + aj^e)Uaj{-——) + ^^^(a;) 
i=l ^ 

be a positive solution of (jl.lj) concentrating at {ui, • • • , 0 ^}, then 



(2.28) 
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Now we set 


where 


Ue(x) = 


Us(x) 

1 + <^1,£ 


C + PeVeix), 


i=i 


1 + ai,£ ’ 


1 


1 + C^l,e 


j = I,--' ,k. 


Then (|2.2p and (|2.3UI) implies 

/3l,e = 1, I3j,e = 1 + o(l), /3e = l + o(l), j = 2, • • • ,k. 
Next, ()2.28p and ()2.29p show that 


l„-i Il2 


(1 + , ■ 

jRiv Wf(x)dx 


(2.29) 

(2.30) 

(2.31) 

(2.32) 


On the other hand, letting 


Ke{u) = 


rt 


(/jgjv MP(x)dx) 

by Lagrange multiplier method we can verify that Ue{x) is a critical point of the functional 
K^{u). Then from DK^{ue{x)')(Ua^{^^—^^)) = Oj using the fact that v^{x) and Uaj{^—j^) are 
orthogonal, we get 


Il 2 


U, 


sWs 


( EU ^j,eUa, (^), Ua, (^)), 
/ftiV U^{x)dx jUe(x)lP-^Ue(x)U'ai C~^'’" )dx 

It is not difficult to show the following inequality: 

fc+l k-\-l /c+l 

I(^h.)' -d\\< C{d{-^\ Y^d,\ + Y,\dif). 

2=1 2=2 2=2 


(2.33) 


(2.34) 


where I > 1 and di G M. 

Then from the fact that /3i^s = 1 in (12.311) and (12.3411 . we have 


Ue{x)\P “^Ueix) 


+o{ + i«.wr‘) 

c S 

i=2 

k 


+ o{up;\ 


p—2t^ ^l,e 




x — x 




) + l«eWI)). 


(2.35) 
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Then combining (12.351) and ()A.3|) . we can deduce 

[ \Us{x)\P~'^Usix)Uai{- -^)dx 

Jrn e 

,x — Xi , 


C + 0{ UP ^^'^ )\ve{x)\dx) 

+ 0( / \Ve{x)\P~'^Ua^[- - —)dx)+ 0 {£'^). 


Next, (|1.3p . (12.101) . (j2.26p and (jA.Sp imply 
0 — 1 / ^ 


f jyp — ^^ly^(^x)\dx= I {V{ai)-V{x))Ua^{- —^)|ue(x)|dx 

jRt' 


Q(g7V+2m ^ ^ 


a 


j,s'' 


i=i 


Also, by Holder’s inequality and (I2.26p . we have 
[ —^)dx 


<(/ |l^£(x)P*dx)^ • ( / UaT 

^ /^/ —111 II \P~1 JV— (-V~^)(p~i) 

<C(e ^lluellejP -e" 2 

k 

< c(e^+"^(P-i) + ^ aP;^). 

i=i 

Letting p* = min{p, 3}, from (j2.36p . (j2.37p and (j2.38p . we see 
[ \Ue{x)\P~‘^Us{x)Ua^{- -^)dx 

Jrn e 


X — Xlp. ^ ■, 1 -E^ 

-i^)dx) 2 * 


[ C£(^-^)dx + 0[e''(e"><---‘> +^Qf,-‘)] 

Jm.n ^ £ ^ 

[ [ UP (x)dx + 0(e-(P*-i) + ^ aP;-')]. 

Jrn 


(2.36) 


(2.37) 


(2.38) 


(2.39) 
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Also from the fact that /3i^£ = 1 in (|2.3ip and (lA.Sp . we know 


i=i 


f (U(x) - ^)dx 

JRN £ 


-h 


[ Uli 


X — Xl^£ 


)dx + 0{e^). 


So, from p 2 . 10 p . p2.40p and pA.5p . taking suitable 7 > 0, we obtain 


(2.40) 


i=i 


^—^),Ua,{^-^)),=e''[ CJ(i)da: + C>(£"^o7 + e"+’"). (2.41) 

e e ^ Jrn J^i 


Then combining (12.321) . (|2.33l) . (|2.39l) and (|2.41l) . we have 

, ip -2 V + 0( E5=i + 0(e”^) 


/rv Ufi (x)dx + 0(e”*(P* b + ) 

k 

= l+ 0 {E<r')+ 0 (e”). 

i=i 

Similar to the above procedure, we can get 

k 

(1 + = 1 -b 0 ( ^ alH = 1 , • • • ,k. 

i=i 

Also, by Taylor expansion, we have 

(1 -b = 1 + (p - 2)ai,£ -b o(ai,£), for alH = 1, • • • , A:. 

Then (|2.42l) and (|2.43l) deduce 


(2.42) 


(2.43) 


k 

ai^e = 0( CDj £~^) + 0(^™)) for alH = 1, • • ■ ,k. (2.44) 

i=i 

Using the fact p* > 2 and summing ^2.441) from i = 1 to A, we obtain p2.27p . □ 

Proposition 2.6. Let be as in (12.31) . suppose that (Vi) and (V 2 ) are satisfied, then we have 

||u;,||, = 0(e™+f). (2.45) 

Proof. It is obvious that (I2.26p and p2.27p imply (I2.45h . □ 
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Furthermore, in next section, we need the following precise estimates about — aJ. 


Proposition 2.7. Let Ue(x) be the solution of o with the form m, suppose that (Ui) and 
(V 2 ) are satisfied, then we have 

\xj,e-aj\ = o{s), j = !,■■■ ,k. 

Proof. From Lemma 12.41 and Proposition 12.51 we have 

\xj,e-aj\=0{s). (2.46) 

Then from (I2.19P and (I2.46p . we obtain 

f e^\ey + Xj^e-ajrU^iy)dy = 0{e^+"^). ( 2 . 47 ) 

JBaiO) ^ ’ 


So (j2.17p . (j2.18p and (12.471) imply 


'Sd(O) £ 


• kdi + 


'■-)UUy)dy = 0{e) P 


(2.48) 


where y*, a^^i are the i-th components of y, Oj for i = 1, • • • ,N. 

By choosing a subsequence, we can suppose that —)■ xq. Then letting e —>• 0 in (j2.48p . 

we have 


/ \y + xoT ^ • (y* + (y)dy = 0 , 


where xo,i is the Tth component of xq for i = 1, • • • ,N. 

By the strictly decreasing of Ua^ix), we get xq = 0. That is \xj^e: — aj\ = o{s). 

3. Proof of the Main Theorem 

Suppose that (x), (x) are two different positive solutions concentrating at {oi, • • ■ 

uP (x) - (x) 


and 




I (1) (2) II 

\ u £ Ug IIloo(rjv) 


Then ^£(x) satisfies ||Ce||L°“(K^) = 1 

- £^/\ig{x) -b U(x)C£(x) = Cg{x)ig{x), 


□ 

) ®A:}) 

(3.1) 

(3.2) 


^^(x) = (p - 1) f [tu^^^x] + (1 - t)u^^'>{x)y ^dt. 

Jo 


where 
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Proposition 3.1. For ^^{x) defined by (13.ip . we have 

\\ae = 0{e^). 

Proof. Prom (j3.2p we have 


||^,||2 = f Cfix)eAx)da 

Jrn 


(3.3) 

(3.4) 


On the other hand, 

|c,(x)|<c(^t;5 

i=i 


(1) k (2) 

rp ^ ' rp rp '• ' 

•Ay ^ c' \ ^ ^ ^ d/ 


u+Ec'r'(^^)+i”’"wu'+i“’?’wi’'0. (3.5) 

i=i ^ 


Since |Ce(a^)| < 1 and ()2.4p . For / = 1,2, we know 


/ 

Jrn 


X — X 


(1) 

i^^c 2 


)^g(x)dx < Ce 


N 


(3.6) 


and 


[ |raP(x)P ^^g(x)dx < ( [ |rc®(x)|^ dx) ^* • ( / |.^e(x)| 2 *-(p- 2 )d^)^ 

Jr^ Jr^ Jrn 


P-2 

~2^ 


, o^riV IN 2 (^-2)(P-2) 

< C £( p - 2 )( t - 1)||^^||2 iv , 


(3.7) 


Thus (|3.4|) . (13.5|) . (|3.6I) and (13.71) imply 


e\\e 


Ar o iN-2)(p-2) 


This leads to (j3.3[) . 

Lemma 3.2. Let ^ej{x) = Ce(ex -|- x^-^^), then taking a subsequence necessarily, it holds 


□ 


N 


^ejix) ^^bj^ififix) 


1=1 


uniformly in C^{Br{ 0)) for any R > 0, where bj^i, i = 1, - ■ ■ ,N are some constants and 

dUa ■ (x) 

A{x) = —, i = 1, • • • ,N. 

Proof. In view of |^ej(x)| < 1, we may assume that ^£j(x) —)■ f,j{x) in CiocO^^)- By direct 
calculations, we have 


- ^^£,j{x) = -e^A^fiex + x^^) = -U(ex + xy’%,j{x) + Cfiex + xyj%,j{x). (3.8) 


(1)n 
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Now, we estimate Ce{ex -|- 

( 1 ) ( 2 ) 

for s = 1, • • • ,k. Then 


.(1) J2) 


„( 1 ) 




( 1 ) 


= o(l)^VUa,( ^ +0(|u;(^^(x)| + |u;®(x)|). (3.9) 


( 1 ) 


s=l 


So, from IjA.ip . for any 7 > 0 and x € ilrf(xj-^j), we have 

( 1 ) ( 1 ) 

,x — x\ ' , ,x — x) 


Cs{x) = {p-l)UP + {o{l)VUaj{- —+C>(|u;(^)(x)| + |u;®(x)|))^ ^ + o{e'^). 

E 6 

Then we have 

Ceiex + x^^l) = {p- l)UP~^{x) + 0(|t(;(^)(ex + x^^l)\ + |t(;® (ex -|- x^^l)\Y~‘^ + o(l), x G Bd{0). 

Next, for any given <l>(x) G C^(S.^), 

[ ( - A^£j(x) + U(ex + x^ll)^e,j{x) -{p- l)[/P“2(x)C£j(x))$(x)dx 

= 0 { [ (|r(;^^^(ex + + |r(;^^^(ex + x|-^])|^“^)|<l>(x)|dx) +o(l). 

Jm.n 

Also, for I = 1,2, we know 

[ |r(;^^^(ex + x^-^j)|^“^|<l>(x)|dx < Cf [ \wY{ex + dx) 2 * 

< C{e~^\\wY\\eY~‘^£ 

= C{e-nn^YhY-\ 

Then using (|2.4I) and (13.1011 . we can obtain 

[ ( - ^(e,j{x) + U(ex + xfYCe,j{x) - {p - 1)(x)^^^(x))$(x)dx = o(l). (3.11) 

jRJV 

Letting e —)■ 0 in (|3.1ip and using the elliptic regularity theory, we find that Cj{x) satisfies 
-A^j{x) + V{aj)^j{x) = {p- l)Ul~‘^{x)ij{x), in K^, 

which gives 

N 


(3.10) 


2 = 1 


□ 
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Lemma 3.3. Let bj^i he as in Lemma \3.2l then we have 


hj^i = 0, for all j = 1, ■ ■ ■ ,k, i = 1, ■ ■ ■ N. 

Proof. From Proposition 12.61 Proposition 13.11 and Lemma I A. 51 for some small 6, we have 

{e^\ywe{x)\^+ V{x)wl{x))daY =0{e^+^), (3.12) 


and 


(/ rn (e^|Vw£(x)|2-bU(x)u;2(x))do-)2 =0(6 2). 


(3.13) 


Since {x), u^e\x) are the positive solutions of (ll.ljl . using Pohozaev identity (j2.5h . we deduce 

/ ( 1 ) + uf\x)) • gg(x)dx 

JBs{xvI) 0^1 

/* 

Ae{x)f,e{x)vi{x)da 


= -26^ 


. agg(x) (9ui^^(x) a^g(x) aui^^(x) . _ 

V Bi, Bn.. Qj, Qp t 


laBsix\]l) du dx 




-h 


JdBsix^fh 


(3.14) 


where 


Ai;{x) = / [tu^^\x) -I- (1 — t)u^^\x)Y ^dt. 


Then from (I3.12p . (I3.13p . (IA.3h and pA.4l) . we get 


RHS of (iTTill = 0(e 


N^m\ 


- 2 


Ae{x)f,eix)niix)da. 


’OBsixfl) 

Also, using Proposition 12.71 and pA.2p . we have, for any 7 > 0, 

\Ae{x)\ < o{e'^) + (|u;(^^(x)| + |r(;^^^(x)|)^“\ x G dBs{x^l}). 
Then from (12.41) . pA.llI) and Lemma I A. 51 taking 7 > 0 appropriately, we get 

1 / ,,, As{x)Ce{x)ni{x)da\ < C{ [ (l-w^Px)! + |u;® (x)|)?’"^|^£(x)|dx-)- 


(3.15) 


From p3.15p and p3.16p . we know 


(3.16) 


< ^'((Iki^^lle + lkf^ll£)ll?£ll£ < Ce 


,( 2 ) 


7V+m 


RHS of (imi) = 0(e^+”*). 


(3.17) 
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On the other hand, 

[ + uf\x))ie{x)dx 

JBsixfl) OXi 


= mbi / |x-Oj|™ “^{xi-aj^i){u^^\x)+ uf\x))^e{x)dx (3.I8) 




+ 0 


{[ |x-ajr(nW(x) + n®(x))^£(x)dx). 


From ()3.9p . we know 


( 1 ) 


uW(x)+U®(x) +o(l)^Vt/a,(^-^^) 

S = 1 S = 1 

+ 0 (|u;(^)(x)| + |u;®(x)|). 

Also, from (|3.19l) and (jA.ip . we can get 

[ \x-aj\'^~‘^{xi-aj^i)[u'^^\x)+u^^\x))Ceix)dx 

JbaxVI) 


( 1 ) 


’Bs{xY>) 


= 2 


L 


BsixfJ) 


( 1 ) 

r~^{xi - aj^i)Ua^ (-^)^£(x)d, 


X 


,x — X 


( 1 ) 


+ 0(1) / Ix-Oj-P “^{Xi- aj^i)VUaj{ -^)^£(x)d 

JBs(x^B) e 


X 


+ 0 


( [ + kf^(a^)l)C£(a^)dx) + 0 ( 6 ^'). 


(3.19) 


(3.20) 


Next, since ipjix) is an odd function with respect to Xj and an even function with respect to Xi 
for i 7 ^ j, then using Proposition 12.71 and Lemma 13.21 we have 


X — X 


( 1 ) 


’Bsixf^,) 


-Oj-p "^{Xi- aj^i)Ua^[ - ^—)^eix)dx 


L 


„(L 


Ix-a^r ^{xi- aj^i)Ua^{ - ^—)^six)dx 


= S' 


3,e 

rn+N—1 


N 


( 1 ) _ . ( 1 ) _ . . 

|a; + _|_ - —)Uaj{x){'^bj^iipi{x))dx + o(l)) 

Bs{0) e ^ Jit 


(3.21) 


= bj^iS 


m+N— 


1 / \xr-^x,Ua^{x)i;,ix)dx + 

JRN 















Uniqueness of positive multi-bump solutions 


18 


Also, (lA.llh implies 

[ + |u;pna;)|)?e(x)dx = 0((||u;(^)||£ + ||u;(2)||^)||^^||^) = 0(e™+^). (3.22) 


>Bs{xYJ) 

Similar to (j3.2ip and (j3.22p . we can deduce 


,x — X 


( 1 ) 


/ aj^i)VUa^{ - —)Ce{x)dx = 0{e'^^^ ^), 


(3.23) 


and 


[ \x-ajr{4^\x)+uP{x))Ux)dx = 0{e^+^). (3.24) 

JBs{x4) 


Then, by choosing 7 > 0 appropriately, from (j3.18p . (j3.20p . (j3.2ip . (j3.22p . (j3.23p and (I3.24|) . we 
get 


[ (1) + uf\x))ie{x)dx 

■JBsixyJ) ^Xi 

= 2m6i6j7e™-+^“^ [ |x|™“^XiC/aj.(x)V'i(x)dx + 
JR^ 

So p3.14p . (I3.17P and p3.25p imply 

2 mbibji / |x|™“^Xi[/aAx)V’i(x)dx = 0(1). 

JRN 


(3.25) 


This means 6^7 = 0. Similarly, we can obtain 6^7 = 0, for all j = 1, • • • ,k,i = l, 
Proposition 3.4. For any fixed R> d, it holds 

k 

^e(x) = 0(1), X G IJ Bnfixf^l). 
i=i 

Proof. Lemma 13.21 and Lemma 13.31 show that for any fixed i? > 0, 


,N. 


□ 


^sj{x) = 0(1) in J = 1 , • • • ,k. 

Also, we know f,e,jix) = ^^(ex -b xj-^^^), then ^^(x) = o(l),x € Bns{xj^l). 
Proposition 3.5. For large R > 0, we have 

k 

ie{x) = 0(1), X € M^\ IJ BRe{xfl). 

i=i 


□ 
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Proof. First, we have 

-£‘^A^e{x) -b U(x)^£(x) = Ce{x%{x), 

where ^ 

Ce{x) = {p-1) [ (tuW(x) -b (1 - t)uf\x)Y~‘^dt. 

Jo 

Next, for x G K^\Uj=i BReixf^l), we know 

|C,(x)| < C(|u;W(x)r2 + 14")(x)r2) + 0^(1) + 0,(1), as R ^ oo,£ —>■ 0. (3.26) 

Now, we estimate wY {x) in J^Reixfl), I = 1,2. 

Setting wY {x) = We\ex), then from (13.2p . we obtain 


— AwY{x) + V {£x)wY {x) = N{wY{x)) -b le{£x), x € M'^\ 4) Br{x^II)^ (3.27) 

i=i 


where 


(n /v4 £X — xY^ 1 , £X — xY^ 

N{wY{x)) = - l^)+4^\x)Y ' ^ 

.=1 

_ ex — x^^) 

[,(ex) = {V{£aj) - V{£x))UaY - —)■ 

i=i 


), 


From (12.4p we deduce ||u}e)||£ = o(l), and by the exponential decay of UaY~ —4^) ™ ^ 
7? —>■ oo, then 

114 ) (x)||j:^i(iy) = 0 ,( 1 )-b or( 1), as e0, R^oo, 


(0 


where W = M^\ IJ^i Bnixfl). So, 


||iV(4)(a;))ll , = 0,(1), and ||/,(ex)||i9(w) = Oij(l), Vg > 1. (3.28) 

Lp^{W) 

Combining (|3.27l) . (|3.28l) and the estimates, we have 

\\wYix)\\ ,^ = 0 ,( 1 ) + ok( 1 ). 

w ^ (w) 

Then, using the Sobolev embedding theorems and estimates for finite steps, we obtain 

,N 

'2 


\\w^p{x)\\w^.i(W) = Oe{l) +or( 1), for some q € C—,N). 
Next, using Sobolev embedding theorems again, we have 


\\ wYix )\\ L --{ W ) < = 0,(1) +Or( 1 ). 











Uniqueness of positive multi-bump solutions 


20 


This means 


w, 


( 0 , 


3^)11 


Loo 


(rJV\U; 




)) 


Os{l) +Oij(l). 


Then (|3.26l) and (|3.29l) show that for large R and small e, 


|C'£(a;)| < inf V{x). 

xeK.^ 


(3.29) 


Thus for large R, we have 


'-e^A(,+ {Vix)-C,ix))(s = 0, 

< = o(l) (as e ^ 0), 


xGM^\U-=ii?i?£(xg), 

X € 9(U5'=i^R£(a;S)), 

as |x| ^ 0, 


and 


U(a:) — Ce{x) > 0, X G 


iN 


\ U BRei:. 

i=i 




By the maximum principle, we obtain 


^e{x) = o(l), X G 




\ U 

J =1 


x 


( 1 )' 

3X' 


□ 

Remark 3.6. Since the nonlinear term of problem dni is subcriticaL we can not obtain the 
pointwise estimate of the error term We{x) by the similar methods in flal - In our paper, we use 
the estimate of the norm ||tCe||£ to prove Proposition \3.4\ On the other hand, in Proposition ] S.,5\ 
we mainly use the technique of maximum principle. 

Proof of Theorem ] 1.1]; Suppose that U£^^(x), u^\x) are two different positive solutions con¬ 
centrating at k different points {oi,--- ,afc}. From Proposition 13.41 and Proposition 13.51 for 
small e, we have 

fe{x) = o(l), X G 

which is in contradiction with ||^£||loo(]j|JV) = 1. So, u'P{x) = u^e\x) for small e. (|1.7p follows 
from Proposition 12.11 Proposition 12.61 and Proposition 12.71 □ 


Appendix 

In this appendix, we give various estimates and results which have been used repeatedly in 
previous sections. 
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A. Some Estimates 

First, from the exponential decay of Uaj{x) for j = 1, • • ■ ,k, we have 
Lemma A.l. There exists a small constant di, such that, for any 7 > 0, we have 

UaA-—for X G Bdixi^e), j A i and 0 < d < di, (A.l) 

e 

and 

UaA -—= 0{e'^), for X G dBAxi^e), i = I,-- - ,k and 0 < d < di. (A.2) 

e 

Lemma A.2. For any ^ > 0, it holds 

[ Ufl{^^)Uf^{^^)dx = Oie^), (A.3) 

and 

[ e^VUaA^^^)^Ua,{^^^^)dx = Oie^), (A.4) 

where i,j = l,--- ,k, i A j and qi,q 2 > 0. 

Proof. Taking a small constant d and using (lA.lh . for any 7 > 0, we have 

Ce"^ [ < ( 7 £^. 



Similarly, 


and 




uiA 


^-^)UA^C-^)dx<CeA 


[ ufA 

JM^A^d{xi,e)UBd(xj,e)) ' ^ 


/y» _ rr* , /y» _ rjr* , 


-mH^^)dx<CeT 


The above inequalities imply ()A.3p . Also combining (|1.4n . (IA.2I) and the proof of ()A.3p . we 
know (|A.4I) . □ 


Lemma A.3. Suppose that V{x) satisfies (ll.Sp . then we have 


f (y{aj) — V{x))UaA- —^^^)u(x)dx = 0(£ 2 -I-e 2 max — Ojl"*) ||u||e, (A.5) 

JrN £ j=l,---,k. 


and 


[ —K^Uaj{- —^)u(x)dx = 0(e^+™' ^+£^ max ^)||u||£, (A.6) 

J]^N OXi £ i=l,—,k. 


where u{x) G H^- and j = 1, - ■ ■ ,k. 
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Proof. First, from (|1.5I) and Holder’s inequality, for a small constant d, we have 


(U(oj) -V{x))Uaj{- —^)n(x)d 


x\ 


< c 

[ \x-a,rUa^{ 


' ^d{^j,e) 

<C{ 

[ \x-a,rul 


J Bd(xj^e) 


X — X 


JX 


) |u(x)|dx 


‘'JX 


)dx): 


u 




(a:)dx) 2 (A.7) 


< 


Ce 2 { [ \ey + {xj^e - aj)?""Ul {y)dy)‘^\\u\\ 
JBAO) 


>d(0) 
e 

< Ce^ {e^ -b \xj^e — I 

Also, by the exponential decay of Uaj {—j^) in ^^\Bd{xj^e), we can deduce that, for any 7 > 0, 


ad™) Hull 


{V{aj) -V{x))Ua^{- — ^)u{x)dx\ < C'e'^||u||£. 

Then, taking suitable 7 > 0, from ()A.7p and (IA. 8 h . we get (IA.5I) . 

Next, similar to (IA.7p and (lA.Sp . for any 7 > 0, we have 


(A.8) 




dV(x)-^^ .X — Xje\ , X I 

^ -^)u(x)dx| < C 


dxi 


L 


^d (■^j,e) 


r-Xa,{^^)\u{x)\dx 

£ (A.9) 




a. 


im— 


m 


ei 


and 


dVix).,^ /X — X4rx , , I ^ ,, 

Uaj{ -^)u(x)dx| < Ce^llulle. 


lRN\Baixj,e) ' e 

Then, taking suitable 7 > 0, (IA.9D and (jA.lOp imply (lA.Gp . 

N 

Lemma A.4. Suppose that u{x),v{x) G and ||u||£ = o{s^), then it holds 

2N 


/ u^ ^(x)u(x)dx = o(||u||e||u||£), for any 2 

Jr^ 


< p < 


N-2 


(A.IO) 

□ 

(ATI) 


Proof. First, for any s G (2, 7732 )’ using Holder’s inequality and the fact that ||u||£ = o(e 2 ), we 
can deduce 


r 7 * (iv- 2 )(a- 2 ) r 

/ |u(x)|*dx<C( / dx) •( / |u(x)pdx) 

JrN JrN Jr^ 


2N-p(N-2) 
4 


N(s-2) 2N-s{N-2) 

I 2 . lUi II _ 2 


-1 


(A.12) 
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Next, by Holder’s inequality and Sobolev inequality, we see 


(x)u(x)dx| < S , „ , , , ^ , iv+2 


2 <r r) <c 

^ ^ P ^ 7V-2 ’ 


(4^ |n(x)|^+2dx) 2iv . (e ^\\v\\,), 

Then from ||n||£ = o(e^), (IA.12P and (lA.lSp . we get (jA.lip . 

Lemma A.5. For any fixed number I G N+, suppose that {ui{x)}\^-^ satisfies 

/ \ui{x)\dx < -|-C)0, i = 1, • • • , L 

Then for any xq, there exist a small constant d and another constant C such that 

/ \ui{x)\da <C / |ttj(x)|dx, /or a/n = 1, • • • ,/. 
JdBd(xo) 

Proof. Let Mj = Ljv |tti(x)|dx, for i = 1, • • • ,1. Then for a fixed small ro > 0, 


(A.13) 


□ 


(A.14) 


/ ^ {X:KWI)d:.'<E Mi, for all i 

J Brfixo) 


i = !,■■■ ,1. 


On the other hand, 


/ {'^\ui{x)\)<ix> / |ui(x)|)do-dr. 

i = \ ^ •JdBr{xQ) 2 = 1 

Then (jA.lSp and ()A.16p imply that there exists a constant d < r^ such that 


L 


f ^ ]\/[. 

|ttj(x)|do-< / ( |?.ii(a:)|)do-<—for alH = 1 , • • • , L 

dBr(xo) JdBa(xo) ^0 


So taking C = max 




i<i<i roMi 


, we can obtain (jA.14p from (jA.lTp . 


(A.15) 


(A.16) 


(A.17) 


□ 


B. Analysis of lOg and 

By Proposition 12.11 let 


,x — X 


k k 

+We{x) = ^(1 + Oij^eWaj C + X’eix) 

j=l i=i 
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be the solution of o, then we have 


e'^AWeix) + V{x)Ws{x) - {p- 1) ^^’^ )Weix) = N [we{x)) + le{x), 

i=i 


where 


N[W,{X)) = {Y,Ua,C- 
i=i 


'-)+w,(x)Y-^ -Y.UIP 

i=i 


,x — X 


JX' 




)Ws[X), 


i=i 


/,(x) = J](U(a,)-U(x))C/a^( 
i=i 


X — X 


JX 


s 


)■ 


Lemma B.l. There exists a constant p > 0 independent of s such that 
, k 


[e'^\Vu{x)\‘^ + V{x)u^{x) - (p- 

i=i 


X — X 


■^’^)u^(x)]dx > pllullg, (B.2) 


/or all u(x) € r\j=i ^e,aj,xj ^ ®i,£ ^ Bs{aj) provided 5 > d is sufficiently small. 

Proof. See [[13], Proposition C.lj. 

Proposition B.2. It holds 

k 

jllg = -I- 0[e^ ~ + 0{£^ ^ ^\s)^ 


\Wp 


i=i 


and 


££ He 


i=i 


= -|- 0(e^ max |xj,£ — OjP’") + ^ “pe)- 

J' = 1U" ? ^ j 1 ^ 

Proof. First, from Lemma l B.ll we know 

\\Ve\\l <c{ f [e‘^\Vve{x)f + V{x)v^{x) - {p - l)'^UP-^{^^^^)v^{x)]dx) 


i=i 

k 


= C{ I [£^|Vwg(x)p+ U(x)wg(x) - (p-1)^£/P ^^’^ )Weix)]dx) 


i=i 


+ C(^Ai P Af ), 


(B.l) 


□ 


(B.3) 


(B.4) 


(B.5) 
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where 


3=1 i=i i=i 

and 


k k 


A2 = 2{p-l)^^aj,J Ul;\ 


_2,X - Xl^e.jj fX-Xj^e 


)UaA - —)Ve{x)(lx 


j=l1=1 


x — x 


3X' 


^ ^ ^3,£ {^a.j ( 

i=i 

From (IA.3I) and ()A.4F for any 7 > 0, we know 






i=i 

Then v^ix) e (^^=1 Ee,aj,xj^e^ ([HI) and (IA.3I) imply that, for any 7 > 0, 

k „ 

A 2 = 2(p / UP~\- — ^)ve(x)dx + 0(e'^) 


3= 

k 


2(p-l)Vaj,£ / (U(aj) - U(x))C/a^. —^)u£(x)dx + 0(e'^). 


(B. 6 ) 


(B.7) 


(B. 8 ) 


Then (IA.5P and ()B.7p imply 

k 

^2 = 0 (y^ai,e(e^’^™+ max |xj,£ - aj|"*)) Huglle + 0 (e'^). 

J=h-,fc 

So, combining ()B.5p . ()B. 6 p and (|B. 8 p . for any 7 > 0, we have 

„ k 

\Wefe = 0{ [e'^\Vweix)f + V{x)w‘^{x) - {p - l)W^'f‘wl{x)\dx + '^a]^e^ + £^). (B.9) 
Also Ve{x) G nj=ie) Lemma f B.ll and ()B.9p imply that, for any 7 > 0, 

+ '^\W3,eUai C ^^’^ )fe + K'^e{x),'^aj^eUaj C ^^'^ ))^ + h 


i=i 


j=i 

k 


< 


c[ [e^\Vweix)\^+ V{x)w^^{x) - {p-l)'^UP ^{- —^)u;^(x)]dx (B.IO) 

JR^ ^ 


+ C{e'^ + '^ + ^3 , 
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where 


— / Cij,eC>-i,e{Uaj{- 

J=1 


0,C4.(- 


-)).• 


Also, (|A.3p implies that, for any 7 > 0, 

A3 = O(e^). 

Then (12.21) . (|A.3I1 . ()A.4I) . (jB.lOp and (IB.lip imply, for any 7 > 0, 


(B.ll) 


w. 


£ He 


= 0{ [s'^\S/weix)\‘^+ V{x)w‘^^{x) - {p-l)'^UP. ^^’^ )wl{x)]dx) 


J=1 


(B.12) 


i=i 

On the other hand, from ^B.ip . we know 

[ [e'^\Vwe{x)\^ + V{x)w^^{x) - {p - l)'^UP-^{- — ^)wl{x)\dx 

= / [N{we{x))wsix) +le{x)Ws{x)]dx. 

Jrn 

Then combining (12.4p . (IA.3P and pA.lip . we can obtain 

[ N[ws{x))ws{x)dx < C{ [ \We{x)\P*dx + £'^) =o{l)\\We\\l + 0{£'^), 
where p* = min{p, 3}. Also, pA.Sp imply that 
/ le{x)we{x)dx = Oie 


(B.13) 


iV I iV V 

= 0(e 2+”^-I- e 2 max \xj^s — <ij\^)\\We\\s- 


i=ir-- ,k. 


(B.14) 


(B.15) 


Then taking suitable 7 > 0, by ()B.12I1 . (IB.13jl . (IB.14P and (IB.15p . we get (IB.3jl . Also, (jB.3p . 
(1B.12P and (|B.13p imply (|B.4p . □ 
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